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SUMMARY

The present paper is concerned with the problem of thermal stresses in beams when the temperature distribution
is a polynomial in the axial coordinate where the coefficients of the polynomial are functions of the two remaining
coordinates. We consider the case of the homogeneous and isotropic beams and the case of the composite beams—when
the outer contour of the cross-section contains an arbitrary number of other contours each enclosing a different
homogeneous isotropic material.

1. Introduction

The general theory of the thermal stresses in elastic beams has been studied only when the
temperature distribution is restricted to a polynomial of the first degree in the axial coordinate
(see e.g. [1]).

In this paper we consider the mathematical problem of the thermal stresses in beams when
the temperature distribution is a polynomial of the  degree in the axial coordinate x, namely

T= Y Tlxg,xy)xk. (L.Y)
k=0

We assume that the functions 7; (x,, x,) are given.

We consider homogeneous beams and composite beams. In the later case we assume that
the outer contour of the cross-section contains an arbitrary number of other contours each
enclosing a different homogeneous isotropic material, i.e. a cylindrical beam with longitudinal
holes which are completely filled with beams of different homogeneous isotropic materials. We
shall assume the materials to be welded together along the interfaces.

2. Basic Equations

We consider a cylindrical beam of length / bounded by plane ends perpendicular to the genera-
tors. The cross-section 2 is assumed to be a simply-connected region, bounded by a closed
Liapunov curve L. We suppose that body force is absent and the lateral surface is free of applied
force. We suppose the beam to be fixed at one end and to be kept in thermoelastic equilibrium
under the action of a given temperature, the loading applied to the free end being statically
equivalent to zero.

We take the right-hand axes of reference Ox,, Ox, in the plane of the free end and Ox,
directed parallel to the generators and into the material.

The basic equations in the linear static theory of thermoelasticity for homogeneous and
isotropic solids are [1]:
— equilibrium equations

tij,jzoa (2-1)
- constitutive equations
Ev E Eo
Y1+ (1-2v) o5t Ty e gy Do 22
— strain-displacement relations
2eij = ui,j'l‘uj’i . (273)
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156 D. Iegan

In these equations we have used the following notations: t;; are components of the stress
tensor, ¢;;are components of the strain tensor, T is the temperature measured from the constant
absolute temperature of the natural state, u; are components of displacement vector, J;; is the
Kronecker’s delta, E, v, o are the characteristic constants of the material, and the comma
denotes partial derivation with respect to the variables x;.

On the lateral surface of the beam we have the following conditions

tigh, =0, (i=1,23;0a=12), (2.4)
where (1, n,, 0) are the direction cosines of the outward normal to the lateral surface.

On the plane x;=0 we have the following conditions [2]

| t.do=0, j ty3do =0, 2.5)
z z

[ t33 dU == 0 N (26)

)z

i x2t33d0' = J xl t33d0’ = 0 s (27)

Jz 3

L (X1t33—X5ty3)da=0. (2.8)

We assumed that the temperature distribution has the form (1.1). Let us denote by (A) the
problem of determination of thermal stresses in the considered beam when the temperature
distribution has the form

T =f(xy, x5) X5 , (2.9)

where n is a positive integer or zero, and the function f(x,, x,) is known.

Obviously, if we know the solving of the problem (A) for any n then, according to the linearity
of the problem, we can determine the solution in the case (1.1).

We denote by (B) the problem of determination of thermal stresses in the same beam if the
temperature has the form '

T =f(x1, x2) X537, (2.10)

and the problem (A) is assumed to be solved.

If the problem (B) is solved and we know the solution of the problem (A) for n=0, then we
can obtain the solution for n=1, and so on. This fact leads to the solution of the problem in
which the temperature has the form (1.1).

Thus, to solve the initial problem we must solve the problem (A) for n=0and the problem (B).

3. Homogeneous Beams

Let us consider a homogeneous and isotropic beam under the action of the temperature dis-
tribution T=f(x{, X,)-
We assume that the components of the displacement vector have the form
up = —a[x3+v(xi—x3)]—vx; (bx, +¢)+ v, (%1, X5) ,
Uy = —3b[x3—v(x2—x3)]—vxy(ax, +c)+ v, (x5, X3) 5 (3.1)
Uz = (axl +be+C)X3 5
where the functions v,(x,, x,), (=1, 2) and the constants g, b, ¢ will be determined in the

following.
If we introduce the notations
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265, =1, 0,5,
_ Ev 54 E Ex
T A=) et T 1 T 12

from (2.2), (2.3), (3.1), (3.2) we obtain

v T(Sﬂ}' H (ﬁ: Y0 = 1: 2) s (32)

tgy = 0pys 1g3=0,

tyz = E{ax,+bx,+c)+vag—EaT,  (B,y=1,2) (33)
The equilibrium equations (2.1) become
Capp=0, (3.4)
and the boundary conditions (2.4) are satisfied if
ounp=0,0n L, (0,f=12). (3.5)

From (3.2), (3.4), (3.5) it follows that the functions v,, £, 0, satisfy the equations of the
thermoelastic plane strain [1] for temperature distribution 7= f(x,, x,).

The conditions (2.5), (2.8) are satisfied on the basis of the relations (3.3). If the above thermo-
elastic plane strain problem is solved, from (2.6) and (2.7) we obtain

1
a = i [111M2—112Ml+(x2112—x(1)111)P] >
1
b= Ed Lo My — 1, My +(x 11, — x5 15,) P] 3.6)

c P—ax?—bx9,

T ES
where
P =[ Fdo M1=J
Iz

z z

x,Fdo, M2=J x,Fdo, F=EocT—vaM,,S=j do ,
z .

111=j (x;~x%)*da , I12=]' (¢, —=x)(x;—xY)do, Izz=f (6, ~x9)dor |
z P

z

d=111122—1122, (3-7)

and x§, x3 are the coordinates of the centroid of the . Thus, the problem (A) for n=01s reduced
to a two-dimensional problem. :

In what follows we seck to solve the problem (B). We denote by uf, ef, i (i, j=1, 2, 3)
respectively the components of displacement vector, the components of strain tensor, the
components of stress tensor from the problem (A) and by u,, e, t;; the analogous functions
from the problem (B).

We assume that the functions u¥, e¥, t¥ are known. _

We try to solve the problem (B) assuming that the components of the displacement vector
have the form

X3
u;=(n+1) L u¥ dxy —vx, (3ax; +bxy +¢) =X, X3 — Fax? +-Savxd 4 v, (x4, xz)],
i

u, =(n+1) jo u¥ dx;— vX,(ax; +5bx, +c)+tx x3— 3bx3 +3bvx} + v, (x4, xz)],

Uz =(n+1) j ’ u§dx3+x3(ax1+bx2+c)+<1§(x1,xz)] , (3-8)
LJo

where the functions v, (x,, x,), (¢=1, 2), ®(x,, x,) and the constants a, b, ¢, 7 will be determined
in the following.
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From (2.3) and (3.8) we obtain

€5 = (n+1) Uo eXpdxy—v ax1+bx2+c)5ap+aap]

e;3=(n+1) 313dx3+2[¢1 rx2+u’f(x1,x2,0)]},

0

r~J\—\

0

€3 =(n+1) {5 efydx;+3[2 +rx1+u2(xl,x2,0)]},

ey3 = (n+1) [ e33dx3+ax1+bx2+c+u3(x1,xz,O):I,
where

28“5 = Ud,ﬂ+vﬁ,a H (aa ﬁ = 11 2) .

0

If we note

_ B 5up
T8 = [Trv)(1—2v) 2% " Ty "

from (2.2), (29), (2.10), (3.9), (3.10) we get

(a,ﬂ,pzl,Z),

taﬂ = (n+ 1) t;(de3 +o‘aﬁ+6aﬂiu§ (xln X2, 0):] 5
tydxs+u[ @ —1x,+uF(xy, Xq, O)]} ,

x3
j thydxs+p[ @, +1xy +ud(xy, X 0)]} ,
0

0
ty3=n+1)
ty3=(n+1) ¥3dxs+E(ax, +bx,+¢)+vo,+(A+2pu)ud (x, X, 0)],
0
where
E E
v 2=

T 1+(1-2v) 1+v’

The first two of the equilibrium equations (2.1) give

Oupp =¥z
where
F, = —t¥*5(xq, x3, 0)— Auf ,(x1, x5, 0), @ B=12).
From the first two of the relations (2.4) we obtain the boundary conditions

Ouptp = —An,uk(xy,x,,0), on L.

D. Iegan

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

We see that the functions v, (X1, X5), £,5(X1, X2), 645(Xy, X2), (&, f=1, 2) satisfy the equations

of elastic plane strain [3] problem (3.10), (3.11), (3.14), (3.16).

Let us show the existence of the solution of this problem. We denote by 7,; a particular

solution of the system (3.14) and write
Gup = Tug+05 .
The functions ¢, satisfy the system
ap.s=0,
and the boundary conditions

Ggﬂanf;,On L, (a,ﬁ=1,2),
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On the thermal stresses in beams 159

where
fa = —lnaug (xl, x2, 0)_Taﬁnp . (3.19)
The conditions for the existence of the solution of the boundary value problem (3.17),
(3.18) are [3]
. j fds=0, j frds=0, j (1 fo=x2f)ds=0. (3.20)
L L L

Using (3.15), (3.19) and the divergence theorem, we obtain
J’ Jads = — J’ [Tap, p+AU3,o(x1, X5, 0)]do =
L z

- {E [F,+Aut 4(xy, x,,0)]do = L *dx,

Jz(xlfz_xzﬁ)da = _L [x271ﬁ,ﬂ+x2/1“§,1(x1, X25 0)"3‘1‘525,;;—}1/1”?,2(301,x2, 0)]d0' =

= jl [xlt;3(xln X2, 0)—x2tf3(x15 X2, 0)]d0' s ((l = 13 2) ’

so that the conditions (3.20) are satisfied, because the functions t satisfy the conditions (2.5),
(2.8).

The components of stress tensor ¢, 5, t,3, 133 given by (3.12) must satisfy the last of equilibrium
equation. We obtain for unknown function @(x,, x,) the following equation

1
AD = —uf (x1, X5, 0) — u t53(xq, x5, 0), (@=1,2), (3.21)
where 4 is the two-dimensional Laplacian operator.
From the last of the boundary conditions (2.4) we obtain
o9
on

Let us show that the boundary value problem (3.21), (3.22) has a solution. Let ¢ be the solution
of the equation

= T(Xyny— X ny)—nuf (x4, X,,0), on L. (3.22)

Ap =0, (3.23)
with the boundary condition
0
Enqg = X0, —XyH,, on L. (3.24)
Obviously, the function ¢ exists. Let us introduce the function ¢ by
P=10+x+Vy, (3.25)

where y is a particular solution of the equation (3.21).
From (3.21)—(3.25) it follows that the function y satisfies the equation

Ay =0, (3.26)
and the boundary condition

N _ o _

P (%1, X2, 0)m, — n =f,on L. (3.27)

The condition for the existence of the function  is
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160 D. Iesan
L fds=0. (3.28)

Using the divergence theorem we see that this condition is satisfied in our case

j fds= — j [uF (x4, X5, 0)+ Ay ]do = ij t¥3(xy, X5, 0)do =0,
L z

X

because the functions t} satisfy the conditions (2.5)—(2.8).
From (2.6) and (2.7) we obtain

1
a = ﬁ [Ille—Ilel+(x2112_x?111)P] >

1
b = ﬁ[Izle—112M2+(x(1)112_x2122)1)], (329)
c = EP—ax‘f—bx(Z’ ,
where

P:J Fdo, M1=§ x,Fdo M2=J- x,Fdo
z z X

F = —v0,,— (A+2p)u¥ (x4, x5, 0),

I, S and d being given by (3.7).
From (2.8), (3.12), (3.25) we determine the constant ©

D = Js {2l s+ +ut ey, x5, 0) =%y [+ 23 (x4, x5, 0)]}do, (3.30)
where D is the torsional rigidity [3]
D = j (A+X3+X1 93— X29,1)do . (3.31)
)

It is known [3] that D >0.
The conditions (2.5) are identically satisfied on the basis of the equilibrium equations and the
boundary conditions. For example, for the first of them we have

Sz tizdo = S}: [t13+x1(t13,1+ 23,2 t33,3) Jdo = Lxl(t13"1+t23"2)d5+
+(n+1)g s ado=0, x3=0. (3.32)
5

4. Composite Beams

Let us assume that the cross-section X consists of the assembly of the regions Xy and Z;(j=1, 2,
..., m+1), X, being a multiply-connected region, bounded by the closed curves L; (j=1,2, ...,
m+ 1) possessing no common points; L, ; is the outer boundary of the region X and con-
tains the curves L; (j=1, 2, ..., m). All the X; are finite and simply-connected, bounded by the
corresponding curves L;(j=1, 2, ..., m). Let us assume that the matter filling each of the regions
3y and Z; (j=1,2, ..., m) is homogeneous and isotropic, while passing from one medium to
another the thermoelastic properties are different.

The displacement vector and the stress vector must be continuous in passing from one
medium to another so that we have the conditions

uedi = [uido 4.1)
[tka na]i = [tka na]O , ON Li ’ (42)
bafe=0,0n L., i=1,2..,m;k=123;0a=12)), 4.3)
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where we have indicated that the expressions from parentheses are calculated for the material
from the regions Z; (i=1, 2, ..., m)and . Let v;, E; and «; be the caracteristic constants of the
material from the region X; (1—0 1,2, ..,m).

We consider the three problems P (k 1,2, 3) of elastic (T=0) plane strain [3] without
body forces, in which the components of the displacement vector w'¥ and the'components of the
stress tensor 4 (o, f=1, 2; k=1, 2, 3) satisfy the conditions

[T(k)”ﬁ] = [Taﬁ ”ﬂ]o >
[wP]i—[wP]o =%, on L;, (44)
tdng=0, on L, (i=12..,m;a0f=12;k=123),

where

g = %(Vi_vo) (x%—x%) > 9(1) = (V;—Vo)X1 X5,
g3 = (vi—vo)x1 X, , 9% = ~l(v~—v0)(x1 —x%) ’
g% = (vi— o)X, 9% = (vi—vo)X, . ' (4.5)

We assume that w( and %) are known [3], [4].
Let us consider the following functions defined on X;

wy = —}3a[x3+v;(xf —x3)]—bv;xy x; — v x4 40y (X4, X5),
wy = —3b[x3—v;(x3—x3) ] —av;x; X3 — cvix, + 0, (x4, X5),
W’s (ax1 +be+C)X3 N (4.6)

where the functions v,(x,, x,), (=1, 2) and the constants a, b, ¢ will be determined in the
following.

We try to determine the solution of the stated problem assuming that the components of
the displacements vector have the form

Uy =w,+aw+bw@+cew», (x=1,2),
Uz = W3 . (4.7)

Taking in account the relations (4.4), (4.5) we see that the functions (4.7) are continuous in
passing from one medium to another if

C[vJi=[vdo,on Ly (i=L2..m;a=12). (4.8)
If we introduce the notations (3.2), from (2.2), (2.3), (4.7) we obtain
typ = O+ atid +b1l+c1y , 1,3=0, {0, f=12),
t33 = Ej(ax, +bx,+c)+v;(aty) + bt} +ch)) — E;ou T, (4.9)

in the region X; (i=0, 1,2, ..., m).
From (2.1), (2.4), (4.4) it follows that ¢,;(x,, x,) must satisfy the equations

Oapp =0, (4.10)
and the conditions
Gutg=0, 0n Ly, [6,4n5];=[0,4n5]0, on L;, (i=1L2...m;of=12).
(@.11)

Obviously, the functions v,(x,, x,) are the components of the displacement vector from the
thermoelastic plane strain problem (4.8), (3.2), (4.10), (4.11) [4], [5], for temperature distribu-
tion T'= f(xy, x,). The conditions (2.5), (2.8) are satisfied on the basis of the relations (4.9).
From (2.6) and (2.7) we obtain

1 1
a=- K22m1—K21m2), b = E(K11m2—K12m1)a

d( '
C = —‘adl_bd2+p, (412)
where
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162 D. legan

1> “
dg = 2 j [Eixg+vitipldo, ds= ) j [E:i+ v, ]do,
3i=0 )5 i=0 /%
g m _ :
P o=+ J FOo, FO=oE,T—v04,
d3 i=0 J3I;
m . .
Ko= 5 [ Wxdo, H0= Eux rucy-d LB ouey],

i
o

W
(=3

mg L [F(i)—P(Ei+ViT$))] xﬂdo' , d=Ky; Kzz"“Kfz s (“a g=1, 2) . (4-13)

12

Making use of the results from [3], we have K;,=K,; and d#0.

In what follows we seek to solve the problem (B).

We try to satisfy the conditions of the problem taking the displacements in the form (3.8),
from the case of the homogeneous beams. Obviously, in our case the functions uf, tf; satisfy
the conditions (4.1)—(4.3).

From (3.8) and (4.1) it follows that the function @ must be continuous on % and that

[v)i—[vado=gum»,on L;, (=12..,m;a=12), (4.14)
where
Gu = [kJo—[kals s
[kodi= —vixgGax, +bx,+c)+3avix3 , [ky]i = —vixy(ax, +3bx,+c)+3bvixi,
(i=0,1,2,...,m). (415

The functions o, given by (3.11) satisfy in each region X; (i=0, 1, 2, ..., m) the equation
(3.14). From (3.12) and (4.2), (4.3) we obtain the following conditions

[Gaﬂnﬂ]i—— [O’aﬁnﬁ]o = [ha]i_[ha]() s on Li . (i = 1, 2, T m) »
. Jaﬂnﬂ = [ha]o, on Lm+1 N (4’.16)

where
E;v,
(hedi= = Ty =)
The conditions for the existence of the solution of the problem (3.10), (3.14), (4.14), (4.16) are
(4], [€]

-3 [ Raor [ mds+ 3] (Dudo-T)ds=o0.

j=o =1

nu¥(xq, x5, 0), (i=0,12,..,m). (4.17)

J

M=

}’ (xlFZ—szl)dO' + j (xlhz_thl)dS +
%5

j=0 Lm+y

k]

+ J’ {[xth_XZhl:[o—"[xlhz“‘thl]j}ds=0. (418)
Lj

j=1

Taking into account the relations (3.15), (4.17), the divergence theorem and the fact that the
normal vector is outward to X, the conditions (4.18) become

m

Zj t’f3(x1,x2,0)d0'=0, Zj t§3(x1,x2,0)d6=0,
X Zj

j=0 j=0
Yy j [xy 185 (x1s Xg, 0)— x5 tf3 (x4, x5, 0)]do =0
j=0JZ;
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The above conditions are satisfied because the functions ¢, satisfy the conditions (2.5), (2.8).
The function @(x,, x,) must be continuous on X and satisfies in each region Z; (i=0, 1, 2,
..., m), the equation (3.21). From (3.12) and (4.2), (4.3) for k=3, we obtain the following condi-
tions
0P| 0P
Ho [ﬁ]o . [%]: = ¢;+(to— ;) (X2n; —x11y), on L,

i (=12 .om, m+1; g,y =0), (419)
wihere

4 = (= po) U (x1, X5, 0)7, . (4.20)

Let ¢ be the solution of the equation (3.23) in each region X,, continuous on X and which
satisfies the conditions

0 a
#0[5?] - ,u,-[i] = (to— ) (xamy —xyn,), on L;,
onfyp

onl;
(=12 ...m, m+1; p,;=0). (421)

The function ¢(x,, x,) exists [3]. If we make the substitution (3.25) where y is a particular
solution of the equation (3.21) in the region X; (i=0, 1, 2, ..., m), it follows that the function
¥ (x1, x,) satisfies the equation (3.23) in each X, is continuous on X and satisfies the boundary
conditions

o o ,
—_— -—_ s l—1 = p. . = e . = 4_
“O[an]o B [(3}1],. pi,on Ly, (i=12..m, m+1l; p,.=0), (4.22)
where
_ 74 o
pi=4i—Ho [an]o + [an]i . (4.23)
The condition for the existence of the function ¢ is [3]
m+1

Z J‘ pidS:O.
L;

i=1 i
Using the divergence theorem we get

m+1 m

y j peds = —uoj ¥ (x;, %5, O),ds — zj
L; L+

i=1 JL; i=0

W Axdo +
Zi
+ Z j (ﬂi—ﬂo)u: (x17 x2a O)nads = Z j tg‘l” (xl’ x29 O)dO' = 0 3
i=1 JL; i=0 JX;
because % satisfies the relation (2.6).

From (2.6)—(2.8) we can determine the constants a, b, ¢ and . The conditions (2.5) are iden-
tically satisfied.

Thus we have solved the problem (B) and hence the initial problem is solved.
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